3 He gas, where the nuclear spin polarization has been increased to several tens of percent by optical pumping, can couple such a large negative resistance into an external circuit that masing can ensue. The masing threshold can be suppressed by application of a magnetic field gradient. However, edge enhancement, that is, the less effective diffusional damping of the precessing magnetization at the container walls, can lower the masing threshold. The edge enhancement of the masing is greatly modified by magnetic self-interactions of the spins.
I. INTRODUCTION
Liters of hyperpolarized 3 He gas with nuclear polarizations of tens of percent and pressures of several atmospheres can be produced by spin-exchange ͓1͔ or by metastability exchange ͓2͔ optical pumping. The nuclear magnetization of such gases is Ͼ10 5 times larger than the thermal-equilibrium magnetization. The 3 He nucleus has spin quantum number Kϭ1/2 and a negative magnetic moment K Ͻ0. Consequently, a 3 He nucleus with its spin parallel to an applied magnetic field has its magnetic moment antiparallel to the field. Energy can be released by such inverted 3 He nuclei if the nuclear spins flip and emit Larmor-frequency photons to an external circuit. This potential to emit Larmor-frequency power can be represented by negative resistance in the circuit coupled to the spins. For hyperpolarized gas, the negative resistance of the inverted spins can easily have such a large magnitude that ordinary resistive losses in the circuit are cancelled, and masing can occur.
Larmor-frequency masers with polarized noble gases in nearly uniform magnetic fields have been studied by several groups ͓3-5͔. For a characteristic gradient ٌ L of the Larmor frequency L , the inhomogeneously broadened magnetic resonance line would have a width of the order ␦ L ϭRٌ͉ L ͉, where R is a characteristic linear dimension of the cell. For spins with a spatial diffusion coefficient D the characteristic diffusion rate across the cell is D/R 2 . Previous work on spin masers ͓3-5͔ was done in the regime when the diffusion was so fast that D/R 2 ӷRٌ L . In this case the magnetic resonance linewidth is motionally narrowed, and the free-induction decay of spatially uniform, transverse spin polarization is exponential with a time constant ͓6,7͔ of the order T 2 ϰD/(ٌ L ) 2 . A detailed theory of maser oscillations for the motional narrowing regime has been given by Richards et al. ͓4͔ .
For current applications of hyperpolarized 3 He and 129 Xe, for example, polarized targets for nuclear scattering experiments ͓8͔, inhaled 3 He and 129 Xe for magnetic resonance imaging of human lungs and other medical applications ͓9-11͔, or experiments ͓12͔ with hyperpolarized liquid 129 Xe, the spins are often in the inhomogeneous broadening regime of large field gradients and slow diffusion, when D/R 2 ӶRٌ L . We report here the results of our theoretical and experimental studies of Larmor-frequency masers in the inhomogeneous broadening regime.
II. THEORY OF THE INHOMOGENEOUSLY BROADENED SPIN MASER
A sketch of a spin maser in the inhomogeneous broadening regime is shown in Fig. 1 . This arrangement is designed to be well described by a one-dimensional theory. It consists of a long right-circular cylinder of length 2l and diameter 2a. The cylinder is filled with polarized gas or liquid and placed inside a resonance coil.
The spin magnetization MϭM(r,t) at the position r and time t will evolve because of precession about the ensembleaveraged magnetic field B e ϭB e (r,t), experienced by spins located at r, and because of diffusion, as described by ‫ץ‬ ‫ץ‬t Mϭ␥B e ϫMϩDٌ 2 M. ͑1͒
We use the superscript e to distinguish the ensembleaveraged field B e from Maxwell's macroscopically averaged field B.
Let a coordinate system with orthonormal unit vectors x, y, and z have its origin at the center of symmetry of the cell. The x axis is along the cylinder axis. A time-independent and spatially uniform magnetic field H Ez is applied by external coils. H Ez defines the z axis of the coordinate system, and sets the average Larmor frequency of the spins
The gyromagnetic ratio of the spins is
where K is the nuclear moment and K is the spin quantum number. A magnetic field gradient ‫ץ‬H Ez /‫ץ‬x, created by a separate set of coils, sets the inhomogeneous linewidth of the spin maser. The spins are initially polarized in the z direction. The onset of masing is characterized by spontaneous growth of the transverse component of the magnetization, which precesses around the z axis. The precessing magnetization induces a voltage in the maser coil, which causes a current to flow through the LC circuit. This current flowing through the coil produces an oscillating magnetic field H C , which drives the precessing spins. The coupling of the spins to the coil is enhanced if the Larmor frequency of the spins is close to the resonance frequency of the LC circuit. The energy dissipated in the resistance of the coil is provided by transitions of the spins from the high-energy to the low-energy state.
The magnetization generates a macroscopic, irrotational magnetic field H M , the solution of
The magnetic field H M , which we will call the selfinteraction field, has a static component due to the static longitudinal magnetization M z , and it has oscillating components due to the oscillating transverse magnetizations M x and M y . For dense, highly polarized spin samples the gradient, ‫ץ‬H Mz /‫ץ‬x, of the self-interaction field can be comparable to the applied gradient ‫ץ‬H Ez /‫ץ‬x, and the oscillating component of H M can be comparable to the oscillating field H C produced by the maser coil. The behavior of spin masers can therefore be strongly influenced by H M , although masing cannot occur in the absence of H C . To find the masing threshold, it is convenient to represent the effect of the spins by an impedance added in series with the LC circuit. The total impedance Z() of the maser circuit at the angular frequency is the sum of the series impedance Z C () of the LC circuit and the impedance Z M () coupled into the circuit from the polarized spins,
Approximating the elements of the LC circuit with a lumped resistance R, a capacitance C and an inductance L, the series impedance of the circuit is
According to Ohm's law,
where Ṽ () and Ĩ() are, respectively, the temporal Fourier transforms of the externally applied voltage V(t), and of the current I(t) flowing in the circuit. During maser oscillations a nonzero current flows through the circuit with no externally applied voltage, so Eq. ͑7͒ implies that the total impedance must vanish,
The solutions of Eq. ͑8͒ may be complex, that is,
ϭЈϩiЉ, ͑9͒
where the real part of the frequency is Ј and the imaginary part is Љ. We can distinguish three cases, depending on the value Љ. Suppose that a small current I(t)ϭ Ĩ()exp(it) ϩĨ*()exp(Ϫi*t) of frequency -which satisfies ͑8͒ -is initially flowing in the coil. If ЉϽ0 the amplitude of the coil current will grow exponentially with time as e ͉Љ͉t . Even if the coil has no macroscopic current flowing at tϭ0, inevitable thermal noise currents can grow exponentially at the frequencies defined by Eq. ͑8͒ with ЉϽ0 until macroscopic oscillations are observed. In this way a transverse, precessing component of the magnetization can develop spontaneously. If a solution of Eq. ͑8͒ has Љϭ0 then maser oscillations at the frequency Ј can persist indefinitely, neither growing nor damping. This is the threshold condition. If a solution of Eq. ͑8͒ has ЉϾ0 then any oscillations damp with time as e ϪЉt , and the magnetization returns to the longitudinal direction. Thus the masing threshold is given by the solutions of Eq. ͑8͒ for which Љϭ0. Masing can commence when a change in the field gradient or some other external parameter of the the system causes a solution of ͑8͒ to move in the complex plane from above to below the real axis.
In Sec. II A we reduce the fundamental expression ͑1͒ to a one-dimensional integro-differential equation suitable for further analysis. In Sec. II B we show how to calculate the spin impedance in the presence of the self-interaction field. We also present simple expressions for the spin impedance and the transverse magnetization for negligible selfinteractions (H M ϭ0). In Sec. II C we discuss the connection of the spin impedance to the free-induction-decay ͑FID͒ transients that can be used for magnetic resonance imaging. In Sec. II D we describe a practical way to calculate the spin impedance when the self-interaction field H M is comparable to the coil field H C .
A. Spin evolution
The ensemble-averaged magnetic field B e acting on a given 3 He nucleus is
where H and M are the macroscopic magnetic field and magnetization of Maxwell's equations for continuous media. The difference between the effective field of ͑10͒ and the macroscopic field BϭHϩ4M of Maxwell's equations is due to the nuclear magnetization excluded from the core of the We will ignore any spatial variation of the direction z over the volume occupied by the spins. The definition ͑13͒ ensures that the z component of the static field is positive, B sz e Ͼ0. The nuclear magnetization of the gas will also be the sum of a static part M s (r) due to the longitudinal spin polarization of the gas, and an alternating part M a (r,t), due to the transverse, precessing spin polarization,
In analogy to ͑12͒, we can write the alternating part of the magnetization in terms of its Fourier amplitude M (r,)
The static part of the magnetization is
where the spin polarization P of the gas is related to ͗K͘, the local expectation value of the nuclear spin, by
We assume that P is independent of position in the volume occupied by the gas. Substituting ͑11͒, ͑12͒, ͑14͒, and ͑15͒ into ͑1͒, and retaining only the parts linear in the Fourier amplitudes ͑since such terms are very small at the onset of masing͒ we find iM ϭ␥͑B s e ϫM ϩB e ϫM s ͒ϩDٌ 2 M . ͑18͒
We use the unnormalized spherical basis vectors x Ϯ ϭxϮiy to write the alternating field as
The precessing magnetization will have negligible longitudinal components, and can therefore be written as
Substituting ͑19͒ and ͑20͒ into ͑18͒, we find that the resulting equation has no components proportional to z. Noting that Ϯizϫx Ϯ ϭx Ϯ , and equating the coefficients of x Ϯ , we find
where the local Larmor frequency L of the spins is
with the gyromagnetic ratio given by ͑3͒. The source frequency is
According to ͑3͒ and ͑22͒ 3 He, with a negative nuclear moment K Ͻ0 will have a positive gyromagnetic ratio ␥Ͼ0 and a positive Larmor frequency, L Ͼ0. Then ͑21͒ implies that resonant enhancement of M ϩ occurs when Ϸ L , when we will have
In view of ͑24͒ we will simply set M Ϫ ϭ0 in subsequent discussions. The externally applied magnetic field consists of a spatially uniform magnetic field of magnitude H Ez , and a uniform field gradient ‫ץ‬H Ez /‫ץ‬x,
͑25͒
We assume that H Ez is much larger than the static gradient fields and the static fields due to the spin magnetization, so we need only retain the longitudinal components of these smaller fields -the transverse components adding in quadrature to H z and thus being of negligible significance.
According to the source equation ͑4͒, the longitudinal field from the static magnetization M s of the spins is
͑26͒
Here and elsewhere, we use the symbol to denote a threedimensional integral transform, for example,
The cylinder volume is ⍀ϭ2a 2 l. Integrating ͑26͒ by parts, we find that the kernel G is
The spatial Green's function G(r,rЈ) is the product of the cell volume ⍀ and the longitudinal magnetic field H z (r) produced by a unit magnetic dipole moment, parallel to the z axis and located at rЈ. In accordance with ͑10͒, ͑16͒, and ͑26͒, the longitudinal static field is
͑29͒
In like manner, we find for the transverse field due to spin magnetization M ϩ ,
From ͑30͒ and ͑10͒ we find the total effective transverse field
The field H Cϩ is produced by alternating current flowing in the solenoid of Fig. 1 . Combining ͑22͒, ͑29͒, and ͑31͒ with ͑21͒ we find that M ϩ is determined by the integro differential equation
The Larmor-frequency gradient is gϭ␥ ‫ץ‬H Ez ‫ץ‬x . ͑33͒
B. Spin impedance
Let V M ϭV M (t) be the voltage drop across the solenoid of Fig. 1 due to emission or absorption of radiation by the spins. A current pulse will deposit an amount of energy,
in the spins. The current is real,
The energy E of ͑34͒ is the work done on the oscillating magnetization by the external power sources of the current. Consequently we can write
Substituting ͑15͒ and ͑20͒ into ͑35͒ and comparing the result to ͑34͒ we conclude that the spin impedance is
͑36͒
The last step of ͑36͒ follows from ͑24͒. Let us assume that the solenoid of Fig. 1 is ideal and produces a field
The number of solenoid windings per unit length is dn/dx, and c is the speed of light. Since H CϪ is constant in the volume occupied by the spins, it can be taken outside of the integral ͑36͒, and the impedance can be written as
where the dimensionless impedance coefficient is
and the dimensionless coordinate is
The function () is a measure of the transverse spin magnetization
͑42͒
generated by the alternating current Ĩ. The other parameters in ͑39͒ are the dimensionless fieldinhomogeneity parameter b,
and the coefficient
The units of W are cm Ϫ1 sec 2 , the cgs units of inductance. Substituting ͑42͒ and ͑37͒ into ͑36͒, we obtain ͑39͒. To convert ͑39͒ to SI units, the right-hand side should be multiplied by 9ϫ10 11 H cm sec Ϫ2 .
The function of ͑42͒ is proportional to the average value of M ϩ within the cell on a yz plane located at x. This suggests that we average ͑32͒ in the same way as ͑42͒ to find
Averaging over the diffusive term, we noted the boundary condition at a nondepolarizing cell surface,
where n is a unit vector normal to the surface. This eliminated the contributions from ‫ץ‬ 2 M ϩ /‫ץ‬z 2 and ‫ץ‬ 2 M ϩ /‫ץ‬y 2 . We will assume that little of the important physics is lost if we ignore the transverse variation of M ϩ . This allows us to rewrite ͑42͒ as
In Eq. ͑45͒ we replace the three-dimensional Green's function G by Ḡ , an average over yz planes, where The approximation ͑47͒ is analogous to the atomic Hartree-Fock approximation of using orbitals with welldefined angular momentum, and the approximation ͑48͒ is analogous to the Hartree-Fock self-consistent central field approximation. Then ͑45͒ becomes
Substituting ͑28͒ into ͑48͒ we find that one factor of the integrand is
the potential at the position r of a uniformly charged disk of radius a and of total charge a 2 , located at xϭxЈ. By symmetry ⌽ depends only on the distance ͉xϪxЈ͉ from the disk along the x axis, and on the transverse displacement s of ͑50͒. Then ͑48͒ becomes
Here the limits of integration along the z direction are z Ϯ ϭ Ϯͱa 2 Ϫy 2 , so the integral on dy simply gives the area a 2 of a yz cross section of the cylinder. For finding ‫ץ‬⌽/‫ץ‬s to complete the evaluation of ͑53͒ it is convenient to rewrite ͑52͒ as
Here J 1 and J 0 denote Bessel functions. The potential ⌽ defined by ͑54͒ is a solution of Laplace's equation ٌ 2 ⌽ ϭ0 if r rЈ, and for r˜rЈ the divergence of Ϫٌ⌽ of ͑54͒ gives 4(aϪs)␦(xϪxЈ), the same result as for the potential ͑52͒. Both potentials ͑52͒ and ͑54͒ vanish as ͉xϪxЈ͉ ϱ or s˜ϱ, so they must be identical.
Using ͑54͒ with the identity J 0 ЈϭϪJ 1 , we find,
The aspect ratio ␤ of the cell is ␤ϭa/l, ͑56͒
We can use Eq. ͑11͒ from Apelblat's tables ͓16͔ to write the integral over Bessel functions in ͑55͒ as
Here the complete elliptic integrals are
and
The parameter m is
͑60͒
The self-interaction function T of ͑57͒ depends implicitly on ␤. Substituting ͑55͒ into ͑53͒ we find
The three-dimensional integral transforms of ͑51͒ reduces to
͑62͒
where the symbol Ã denotes a one-dimensional integral transform as in Eq. ͑62͒. Likewise,
where the function F is
Like T, the function F depends implicitly on the aspect ratio ␤ of ͑56͒. Representative self-interaction functions T and F are shown in Fig. 2 . Substituting ͑62͒ and ͑63͒ into ͑51͒ we find
where the operator X is
Here the relative frequency is
the self-interaction parameter is
and the other parameters and functions of ͑66͒ have been defined above.
Together with the boundary condition
͑65͒ completely determines the function .
Before proceeding with the solution of Eq. ͑65͒, we briefly consider the limit when ˜0, where spin selfinteractions are completely negligible. Physically, this would correspond to low helium density or low spin polarization. In this limit Eq. ͑65͒ reduces to an inhomogeneous Airy equation. The solutions are particularly simple when ͉b͉ӷ1 which is true for spin masers far in the inhomogeneous broadening regime. For example, in the experiments discussed in Sec. III, we had ͉b͉Ϸ10 5 . For bӷ1, the solution of ͑65͒ subject to the boundary condition ͑69͒ is ͑,͒ϭb 
͑70͒
Here and subsequently, fractional powers of positive real numbers, for example b
, will always denote the positive root. For bӶϪ1, one can readily derive an expression analogous to ͑70͒, or one can use the symmetry relations summarized in Table I The second and third terms of ͑70͒ are needed to ensure the validity of ͑69͒. They involve the Airy function Ai ϭAi(z), a standard solution of the homogeneous Airy equation AiЉϪzAiϭ0. An explicit formula for Ai is
From Eq. ͑42͒ we see that (,) is a measure of the transversely averaged, precessing magnetization at the axial location xϭl produced by a coil current oscillating at the frequency ϭ L ϩgl. As we shall show in Sec. II C, (,) is also the amplitude of the free-induction-decay ͑FID͒ image at the image space location uϭl of a point source at xϭl in object space. We will therefore call (,) ''the point-spread function.'' Figure 3 shows representative examples of how the function (,) depends on its arguments and for the fieldinhomogeneity parameter bϭ1000. The magnetization develops a substantial transverse component only in a thin band with Ϸ and with a width of order 1/b 1/3 . For no selfinteractions (ϭ0) the plots were made using the function ͑70͒. The plots for the self-interaction parameter ϭ0.2 were made using an eigenfunction expansion discussed in Sec. II D. Note the large asymmetry in introduced by the selfinteractions.
The impedance coefficient ⌸ϭ⌸() can be calculated from the point-spread function with the aid of ͑40͒, which implies that ⌸ can also be thought of as the image of an initially uniform distribution of transverse magnetization in the cell. Representative plots of ⌸ are shown in Fig. 4 . The peaks near ϭϮ1 are due to the edge-enhancement effects commonly observed in magnetic resonance imaging ͓18-20͔.
A particularly simple result for the masing threshold can be obtained when the average Larmor frequency L is exactly equal to the resonance frequency of the masing coil 2 f C ϭ1/ͱLC. In this case the coil impedance is Z C ϭR, the real ͑cgs͒ resistance of the maser coil at the frequency f C . It follows from Eq. ͑8͒ and Fig. 4͑a͒ that ϭ0 and ⌸ϭ1 . Combining Eqs. ͑39͒, ͑43͒, and ͑44͒ we obtain for the threshold magnetic-field gradient
In this limit the threshold gradient is proportional to the 3 He polarization and does not depend on the diffusion coefficient D .   FIG. 3 . Point-spread function (,) for bϭ1000. Plots ͑a͒ and ͑b͒ show Re (,) and Im (,), respectively, in the absence of self-interactions (˜0). Plots ͑c͒ and ͑d͒ show Re (,) and Im (,), respectively, for ϭ0.2. The cell aspect ratio is ␤ϭ0.1324.
PRA 60 1391 INHOMOGENEOUSLY BROADENED SPIN MASERS

C. Free-induction decay
The spin impedance Z M of ͑34͒ is closely related to the free-induction-decay ͑FID͒ transient, that is, the transient response of spins in which transverse polarization has been generated by a pulse of excitation current in the maser coil. After the excitation pulse ends at tϭ0 no current is allowed to flow in the maser coil. For example, at tϭ0 one could replace the capacitor of Fig. 1 with a high-impedance voltmeter. Equating ͑34͒, ͑35͒, and using ͑37͒ we see that the voltage induced in the maser coil by the alternating magnetization is
The FID voltage V M ϭV M (t) is recorded from tϭ0 to t ϭϱ with a high-impedance voltmeter attached to the maser coil. The one-sided Fourier transform of the FID voltage,
can be used for magnetic resonance imaging. Substituting ͑74͒ into ͑75͒, we find
where
We take the image of the transverse magnetization to be
where was defined by ͑67͒ and M x ϭM ϩ /2. We will presently show that the image ͑78͒ can be obtained from the initial transverse magnetization at the start of the FID transient with the help of the point-spread function (,),
According to ͑79͒, (,) is the intensity at an image-space point generated by a point source of magnetization at the object-space point ϭx/l. Thus, the function plays much the same role for diffusion-limited magnetic resonance imaging as the Airy-disk function of a diffraction-limited optical system ͓17͔. During the FID, the current in the coil is assumed to be negligible, so we may modify the arguments leading to ͑51͒ to find
Here it is to be understood that the initial magnetization M ϩ ϭM ϩ (x,0) and the one-sided Fourier transform M ϩ ϭM ϩ (x,) are values averaged in the yz plane. In analogy to ͑65͒ we may write ͑80͒ for gϾ0 as
Define the resolvent of ͑81͒ by i͑ϪX ͒R͑ ;,Ј͒ϭ␦͑ϪЈ͒. ͑82͒
As we will show in Sec. II D, the resolvent is symmetric in and Ј, that is
R͑;,Ј͒ϭR͑;Ј, ͒, ͑83͒
Then the solution to ͑81͒ is
Impedance coefficient ⌸ (Re ⌸ solid line; Im ⌸, broken line͒ for ͑a͒ no self-interactions and ͓͑b͒ and ͑c͔͒ including effects of self-interactions, ϭ0.122; ͑c͒ shows the peak near ϭ1 of ͑b͒ in more detail. Note that for a large range of between Ϫ0.8 and 0.8 Re ⌸ϭ1 with very high accuracy, even in the presence of selfinteractions.
Substituting ͑84͒ into ͑78͒ we find ͑79͒, where the pointspread function defined by ͑65͒ is related to the resolvent by
In view of ͑40͒, ͑85͒ implies that the impedance coefficient is
D. Pole expansions
We have tested various ways to solve ͑65͒, including perturbation theory and iterative methods. As we shall show shortly, it is straightforward to write down an expression for Z M as the sum of an infinite number of poles in the complex plane. The poles are the eigenvalues of the pole-position operator X of ͑66͒. Here we summarize the most successful computational method we have tried, where we write the impedance as the sum of discrete contributions from the 2m most slowly damping poles plus the contribution from the infinite number of remaining poles, which we approximate by an integral over a ''line charge'' of poles in the complex plane.
We will use Dirac notation to simplify the subsequent discussion. Let the point-spread function of ͑65͒ be the projection of an abstract vector ͉͘ on a spatial-coordinate basis vector ͉͘, that is ͑,͒ϭ͉͗͘. ͑87͒
The abstract vector ͉͘ depends implicitly on the relative frequency . The position eigenvectors form a complete set in the sense that
Then ͑65͒ is equivalent to i͑ϪX ͉͒͘ϭ͉1͘. ͑90͒
The projection of the abstract source vector ͉1͘ on the position eigenvectors is
The pole-position operator X can be written as
From inspection of ͑65͒, ͑90͒, and ͑92͒ we conclude that the zeroth-order part of X is local -that is, diagonal in position -and given by the matrix
The first-order part of X has a nonlocal term and is given by
͗Ј͉X
(1) ͉͘ϭ␦͑ЈϪ ͓͒F͑ ͒Ϫ1͔ϩT͑ ЈϪ ͒. ͑94͒
We will use parentheses to denote the zeroth-order eigenvectors ͉n) of X (0) , that is
and we will use curly brackets to denote the eigenvectors ͉n͖ of X, X͉n͖ϭx n ͉n͖. ͑96͒
Denote the projections of the eigenvectors of ͑95͒ and ͑96͒ onto the position eigenvectors ͉͘ by the functions n ͑ ͒ϭ͉͗n ͒ ͑97͒
and n ͑ ͒ϭ͉͗n͖. ͑98͒
Clearly, ͉n͖˜͉n) and n˜ n as ˜0.
The abstract eigenvalue equation ͑96͒ is equivalent to the integro-differential equation
Multiplying ͑99͒ by n * and integrating over d we find that the real and imaginary parts of the pole position can be expressed as
.
͑101͒
The imaginary part Im x n of the pole location has the same sign as b. For the eigenfunction n , the damping rate of the precessing magnetization by diffusion is proportional to ͉Im x n ͉. From inspection of ͑65͒-͑68͒ we see that certain symmetry relations exist for the sign changes b˜Ϫb and ˜Ϫ. These are summarized in Table I .
Here subscript p can be l ͑left͒, c ͑center͒, or r ͑right͒. The conjugate subscripts are lϭr, c ϭc and rϭl. As a simple example of the use of the symmeteries in Table I , consider the reversal of the magnetic field gradient, g˜Ϫg. As a result we would have b˜Ϫb, ˜Ϫ and ˜Ϫ. According to ͑39͒ and the symmetries of Table I , changing the sign of the field gradient has no effect on the impedance, so Z M˜Z M .
Stoller, Happer, and Dyson ͓21͔ ͑SHD͒ made a detailed study of ͑95͒ for magnetic resonance applications. DeSwiet and Sen ͓20͔ showed that the SHD formalism could naturally be used to account for edge enhancements in magnetic resonance imaging. We will use the methods of SHD here, extended to account for magnetic self-interactions, to analyze the masing thresholds.
SHD showed that the eigenfunctions can be chosen to be orthonormal,
͑102͒
From inspection of ͑102͒, we see that we must define
rather than (m͉͘ϭ͉͗m)*, as would be the case if X
were a Hermitian operator. SHD ͑Ref. ͓21͔͒ also show that the eigenfunctions ͑97͒ form a complete basis set, unless b is one of the ''exceptional'' values, where pairs of poles coalesce. SHD show how to augment the n to make a complete set when b is one of the exceptional values. Ignoring the rare case that b is an exceptional value, the orthonormality of the eigenfunctions ͑97͒ can be expressed as
None of the SHD arguments ͓21͔ leading to ͑102͒-͑104͒ would change for 0, in ͑99͒, so we can also assume that
Inserting ͑107͒ into ͑90͒ we find with the aid of ͑96͒
Using ͑107͒, ͑87͒, ͑91͒, and ͑40͒, we find that the impedance coefficient is
Substituting ͑108͒ into ͑109͒ we find
Ϫx n . ͑110͒
According to ͑101͒ the imaginary part of x n has the same sign as b, so for bϾ0 all the poles of ͑110͒ lie above the real axis of the complex plane, and for bϽ0 all the poles lie below the real axis. This is in accordance with the causal physics of the Kramers-Kronig relations ͓13,22͔, since in either case ͑39͒ and ͑67͒ ensure that the poles of Z M lie above the real axis of the complex plane.
Integrating ͑110͒ along the real axis of the complex plane, we find for sgn(b)ϭϮ1
͑111͒
Stepping through ͑111͒ we used ͑107͒ and ͑89͒ to find that the area of ⌸, the impedance coefficient, is Ϯ2, depending on the sign of b. In like manner, one can show that for ͉͉ р1, we have for sgn(b)ϭϮ1
In other words, the point-spread function may broaden and distort the image of an object point of magnetization located at , but the integrated area of the image is always Ϯ1, depending on the sign of b, so no object area is lost. From inspection of ͑82͒ we see that the resolvent is
The expression ͑110͒ for the impedance coefficient is an exact solution of ͑65͒, but it is not possible to sum over the infinite number of poles. However, for the experimental conditions of most interest, the field inhomogeneity parameter is very large, ͉b͉ӷ1 because of the high gas pressure and the tendency for the cell to mase if the field inhomogeneity is too small. For ͉b͉ӷ1, SHD ͑Ref. ͓21͔͒ showed that the zerothorder eigenvalues can be classified into complex conjugate pairs, representing localized magnetization precessing to the right ͑r͒ or left ͑l͒ of the center plane ͑c͒ of the cell. There is a total of q left poles, x ln , of ͑110͒ with Re x ln Ͻ0 and q 
right poles x rn with Re x rn Ͼ0. In addition, there is an infinite number of purely imaginary center poles x cn with Re x cn ϭ0. The contribution of the center poles to the impedance turns out to be negligible for ͉b͉ӷ1. A representative sketch of these poles is shown in Fig.  5͑a͒ . They are enumerated with an index nϭ1,2,3, . . . , such that low-index poles damp more slowly than high-index poles, for example, Im x ln ϽIm x l,nϩ1 . The m-pole approximation consists of picking the m slowest-damping left and right poles, with mӶq and writing ͑110͒ as
Using ͑91͒ and ͑103͒ we find that the amplitude in the numerator of ͑115͒ is
͑117͒
For ϭ0 and bӷ1, SHD ͑Ref. ͓21͔͒ showed that the left and right poles are given very nearly by
͑118͒
The corresponding eigenfunctions are
where the normalization coefficient is
Ai͑a n Ј͒͑Ϫa n Ј͒ 1/2
͑120͒
The roots a n Ј of AiЈ, the Airy-function derivative AiЈ(z)
ϭd Ai(z)/dz, are the solutions of AiЈ͑a n Ј͒ϭ0.
͑121͒
Numerical values of a n Ј are given in Table II for nр10.
For ϭ0 we can substitute ͑119͒ into ͑117͒ to find
where positive coefficient K n ͑open circles͒ of ⌸() in the complex plane. Plots ͑a͒ and ͑b͒ show the poles in the absence of self-interaction, ͑c͒ includes self-interaction. Also shown in ͑b͒ and ͑c͒ are the residues ͕n͉1͘ 2 of i⌸(). The residues are represented by arrows centered on the corresponding poles. The poles and residues are obtained by diagonalization of the matrix given by Eq. ͑145͒ for bϭ10 5 . For ͑c͒ ϭ0.122 was used.
is listed for nр10 in Table II . In ͑123͒ the function Zi, a negative antiderivative of Ai, is defined by
The endpoint of the integral is at infinity in the sector Ϫ/3рarg zЈр/3 where Ai(zЈ)˜0 as exp(Ϫ2zЈ 3/2 /3). We note that for z˜Ϫϱ along the real axis, Zi(z)˜1.
For real values of z which are not too negative, Zi(z) can be conveniently evaluated from the integral along the positive k axis
͑125͒
This expression can be found by substituting the integral representation ͑72͒ into ͑124͒, and deforming the path of integration in the complex k plane to be inward along the ray e Ϫi␣ , where ␣ϭ2/3, from ϱ to the small positive radius ⑀. Thence the integration continues in a negative sense around a circular arc of radius ⑀ from the ray e Ϫi␣ to the ray e i␣ and finally outward along the ray e i␣ from ⑀ to ϱ. Taking the limit of ͑124͒ as ⑀˜0 gives ͑125͒.
Substituting ͑122͒ into ͑115͒ we find for bӷ0 and ϭ0, 
͑127͒
The residual terms not included in ͑115͒ and ͑116͒ make the contribution ⌬⌸ m to ͑114͒. To evaluate these, we approximate the sum over discrete poles by an integral over a continuous ''line charge'' of poles. The coefficient K n of ͑123͒ for qуnϾmӷ1 can be found from asymptotic expressions for the Airy functions Ai͑z ͒ϳ 1
We also use the asymptotic expression for the zeros
͑129͒
Using ͑128͒ and ͑129͒ with ͑123͒ and setting Zi(a n Ј)ϳ1 for large n we find
where ⌬(Ϫa n Ј)ϭϪa nϩ1 Ј ϩa n Ј . From Eqs. ͑118͒, ͑126͒, and ͑130͒ we conclude that for large n the residue of i⌸() is very nearly equal to the displacement of nearest-neighbor poles
The significance of Eq. ͑131͒ is demonstrated in Fig. 5͑b͒ , where we show graphically the residues ͗1͉ln)(ln͉1͘ and ͗1͉rn)(rn͉1͘ as rays centered on the poles. One can see that for nϾ3 successive residues link the poles with great precision, like the links of a chain. This shows that the sum in Eq. ͑126͒ can be accurately replaced by a line integral. Substituting ͑122͒ and ͑131͒ into ͑115͒, we find the left-pole contribution not included in ͑126͒ is
The limiting process implied in Eq. ͑132͒ is completely analogous to that discussed in the ''fundamental theorem of the calculus,'' where the area under a curve, approximated by the sum of narrow rectangular strips, approaches the definite integral as the number of increments approaches infinity. The lower limit of integration, lm will be chosen, in a way we describe shortly, to lie very nearly midway between x lm , the last pole contained in the discrete sum, and x l,mϩ1 , the first pole included in the continuum approximation. The top endpoint of the integration of ͑132͒ is c ϭi/ͱ3, as one can see from the sketch in Fig. 5͑a͒ .
In like manner, we find that the contribution from the right poles not included in ͑127͒ can be approximated by
Summing ͑132͒ and ͑133͒ to get the total continuum contribution from left and right poles we find
͑134͒
As we shall discuss below, the contribution ⌬⌸ c of the center poles is very small and can be neglected, so for ˜0, the m-pole approximation to the impedance ͑114͒ is
with ⌸ lm and ⌸ rm given by ͑126͒ and ͑127͒. Although the center contribution ͑134͒ was obtained for the special case of ϭ0, it is also an excellent approximation when 0. Figure 5͑c͒ shows the location of the poles x n and the pole residue lines (͗1͉n͖) 2 for bϭ10 5 and ϭ0.122. It can be seen that for nϾ5 the pole residue lines form a continues straight line which can be approximated accurately by a line integral. We choose the values of lm and rm to ensure the validity of ͑111͒. Substituting ͑135͒ into ͑111͒ we find,
͑136͒
Here we made use of the identity
Since both lm and rm are in the upper half of the complex plane, a convenient way to verify ͑137͒, is to continue the integral from ϭϩϱ along the real axis around an infinite semicircle in the upper half of the complex plane to ϭ Ϫϱ along the real axis. The integral around the infinite semicircle is readily shown to contributes an additional amount i( lm Ϫ rm ) to the result. We can collapse this closed contour, consisting of the integral along the real axis with a return path on an infinite semicircle in the upper plane, to an integral slightly outside the straight line cut from lm to rm . The integral about the cut is readily shown to yield 2i( lm Ϫ rm ). Both integrals must give the same answer, since the integrand has no singularities between the two closed contours. Equating the two answers gives ͑137͒.
We choose the endpoint lm to lie as close as possible to the midpoint, (x lm ϩx l,mϩ1 )/2, of x lm , the last discrete pole included in ͑115͒ and x l,mϩ1 , the first pole included in the continuum. Similarly, we choose the other endpoint rm to lie as close as possible to the midpoint (x rm ϩx r,mϩ1 )/2. The sum of the squared distances of lm and rm from the respective midpoints is minimized, subject to the constraint ͑136͒, when
Then the left and right ends of the cut in the complex plane are
For ˜0 we can substitute ͑122͒ into ͑136͒ to find
where the parameter b m is
Since we want the separation of the endpoints of the cut to be positive, ͑141͒ implies that b m is the minimum value of b for which the m-pole approximation can be expected to work well. Substituting ͑118͒ into ͑138͒ we find for ˜0,
͑143͒
We have assumed that the infinite number of center poles, located at the positions x cn on the imaginary axis, make a negligible contribution to ͑114͒. To judge the size of their contribution we calculate for bϭ1000 the first few residues of the center poles: (c2͉1͘ 2 ϭϪ9.1ϫ10 Ϫ3 , (c3͉1͘ 2 ϭ 3.7ϫ10 Ϫ5 , (c4͉1͘ 2 ϭϪ3.6ϫ10 Ϫ7 , (c5͉1͘ 2 ϭ5.5ϫ10 Ϫ7 , etc. These numbers should be compared with the rigorous sum rule given by ͑111͒. Since the squared coefficients (cn͉1͘ 2 are very small and alternate in sign, we conclude that most of the contribution to ͑140͒ comes from the left and right poles. The values of (cn͉1͘ 2 are even smaller for much large values of b in our experiments.
For future reference, the roots a n Ј , the coefficients K n and the minimum field inhomogeneities b m , are listed in Table  II 
where gр p. The matrix is
From ͑95͒ we see that
and from ͑94͒ we see that
͑148͒
Analogous expressions to ͑145͒-͑147͒ hold with l˜r, that is for the right poles and right eigenfunctions.
When evaluating the matrix elements ͑148͒ by numerical integration, it is important to account for the logarithmic singularity of T,
F() is defined by ͑64͒ as an integral of T, so there is a related logarithmic singularity of FЈ(), at ϭϮ1. The singularities of T and F can be recognized in Fig. 2 .
The m most slowly damping eigenvalues x ln obtained by the numerical solution of ͑145͒ are used as poles in ͑115͒. To find the factors ͗1͉ln͖͕ln͉1͘ needed for ͑115͒ and ͑136͒, we can use eigenvectors (lg͉ln͖ to write ͗1͉ln͖ϭ͕ln͉1͘ϭ ͚ kϭ1 p ͗1͉lk͒͑lk͉ln͖, ͑150͒ with ͗1͉lk)ϭ(lk͉1͘ given very nearly by ͑122͒. An equation analogous to ͑149͒ for ͗1͉ln͖ holds for ͗1͉rn͖. To get rm and lm for the evaluation of ͑135͒ we use ͑136͒, ͑138͒, ͑139͒, and ͑140͒.
The results of our calculations of ⌸() for bϭ10 5 and ϭ0.122 are shown in Figs. 4͑b͒ and 4͑c͒. We diagonalize a 10ϫ10 matrix and use the first 4 discrete poles. The effect of self-interactions makes the impedance asymmetric, always enhancing the peak near ϭ1. This allows masing for larger field gradients if the Larmor frequency of the spins is less than the coil resonance frequency. The impedance is not significantly affected by self-interaction effects away from ϭϮ1.
For practical estimates of the largest magnetic field gradient for which masing can occur, it is sufficient to study the contribution to the impedance of the rightmost pole, which dominates the impedance peak near ϭ1. The maximum value of the real part of the impedance is nearly given by Max͓Re ⌸͔Ϸ Re͗1͉rn͖ 2 Im x r1 . ͑151͒ Figure 6 shows the dependence of the maximum real value of ⌸ on and b. We note that in the absence of spin selfinteraction (ϭ0) Max͓Re ⌸͔ϭ1.57 independent of b as long as bӷ1. Thus, the effect of spin self-interaction is to enhance the negative resistance of the spins by 2 orders of magnitude over the range of studied. Our approximation becomes more difficult to implement for larger values of because we need to diagonalize larger matrices. For Ͼ0.2 we need a 20ϫ20 matrix to obtain results accurate to 10%. In addition, the basis eigenfunctions given by Eq. ͑119͒ become large and highly oscillatory, making the calculation of the integrals in Eq. ͑148͒ numerically difficult. In our analysis of ͑21͒, we have assumed a negative nuclear moment K Ͻ0, as is the case for both 3 He and 129 Xe. In the case of positive nuclear moments like the proton, K Ͼ0. The minor changes needed to account for a positive K can be deduced from inspection of ͑21͒. The gyromagnetic ratio ͑3͒ is negative, the mean Larmor frequency L is negative, the positive resonance frequency -of order ϷϪ L -causes an large enhancement of
continues to satisfy ͑65͒, so and ⌸ are given by the same expressions as for K Ͻ0, but the impedance is
Thus for positive nuclear moments, negative polarization P is needed to make the real part of the impedance negative and lead to masing. This follows since for K Ͼ0, the emission of Larmor-frequency photons causes the spin polarization to increase.
III. EXPERIMENTS
A. Apparatus
Experiments were performed with a laser-polarized sample of 3 He. The apparatus is sketched in Fig. 7 . We fabricated a special cell, consisting of two chambers, the pumping cell and the maser cell. The maser cell, a right circular cylinder, had an inner diameter ͑ID͒ 2aϭ9 mm, and an inside length 2lϭ6.8 cm. The ends of the cylinder were made as flat and as parallel to each other as possible. A thin connection tube, which had a 2.5 mm ID at the entrance FIG. 6 . Dependence of (Re⌸) m on and b. Plot ͑a͒ shows the dependence on for a fixed bϭ10 5 . Plot ͑b͒ shows the dependence on b for a fixed ϭ0.122. Plot ͑c͒ shows the dependence on b for a fixed 3 He polarization and density. In this case ϰb Ϫ1 . We set ϭ0.122 at bϭ10 5 .
to the maser cell, joined the maser cell to the pumping cell.
The cell was filled with 9.6 atm. of 3 He and 50 Torr of N 2 , measured at room temperature. It also contained a few mg of Rb metal to provide Rb vapor for spin-exchange optical pumping. The diffusion time for 3 He between the pumping cell and the maser cell was approximately 1 h. The spin relaxation time of 3 He was about 20 h. The pumping cell was placed in an oven where it was heated by flowing hot air to 185°C. A 100-W fiber-optic-coupled laser array was used for optical pumping. The optical pumping time constant was about 4 h. When the pumping cell was hot, more gas was pushed into the maser cell, which was at a temperature of 50°C. Based on the ratio of the volumes and temperatures we calculated that the operating density of the gas in the maser cell was 1.37 times larger than the density when the pumping and maser cells had the same temperature. This calculation was verified by observing the decreasing NMR signal as the pumping cell was cooled down. The 3 He diffusion constant in the maser cell was ͓13͔ Dϭ0.181 cm 2 /s. The maser cell was wrapped with a maser coil, consisting of two identical solenoidal sections connected in series and separated by 0.8 cm at the center of the cell to provide room for the connecting tube. Each solenoidal section had 168 turns of wire. The turns had a mean diameter of 1.7 cm, and they were uniformly spaced along a 5.2 cm length. The total inductance L of the solenoid was 276 H. For observation of masing oscillations the solenoid was connected to a capacitor C. The measured resonance frequency was f 0 ϭ 0 /(2)ϭ80.1 kHz and the quality factor was Qϭ26.
A set of Helmholtz coils created a uniform magnetic field that was set at values ranging from 18 to 34 G for measurements of the inhomogeneity thresholds for masing as a function of the Larmor frequency. The applied field gradient was produced by four current loops, carrying the same current I and arranged as sketched in Fig. 7 . The gradient ‫ץ‬H z /‫ץ‬x produced by the coils is shown on Fig. 8 . It varied by less than 7% within Ϯ2 cm from the center of the coil, but increased by 25% at a distance of 3.4 cm from the center. The value of the inhomogeneity parameter b was calculated using Eq. ͑43͒. As shown in Fig. 3 , for large values of b masing occurs in a thin transverse slice with a width of approximately 3 mm. The position of the masing slice at masing threshold depends on the mean Larmor frequency and on the resonance frequency of the maser coil. When the mean Larmor frequency was changed, the gradient coil was translated along the x axis so its center was within 2 cm of the location of the masing slice. We verified that the masing threshold was not sensitive to translations of the gradient coil when its center was close to the masing slice. The ambient gradients were on the order of 0.3 mG/cm. Saam ͓18͔ showed that the diamagnetism of the glass walls of the cell can distort the edge enhancement. Within the glass, the magnetization is M gz ϭ g H Ez where the magnetic succeptability of glass is Ϫ g Ϸ10
Ϫ6 . The gradient due to the magnetization of the glass reaches a maximum of 0.6 mG/cm near the walls of the cell, which is much less than typical applied gradients of 20 mG/cm, or the gradients due to the magnetization of the 3 He nuclei. Data were acquired as follows. After 10 h of optical pumping the 3 He polarization reached an equilibrium value of about 40%. A large magnetic field gradient of 40 mG/cm was applied with the gradient coils. The maser solenoid was connected to the capacitor and the voltage across the solenoid was monitored using a nuclear magnetic resonance ͑NMR͒ spectrometer. The gradient was gradually reduced until the masing oscillations could be observed. The critical gradient corresponding to the onset of masing was recorded and the frequency of the oscillations was measured using a frequency counter. Then the gradient was increased to stop the masing, the uniform magnetic field was changed to a new value, resulting in a new mean Larmor frequency L and the process was repeated. The maser frequency was always close to the mean Larmor frequency L . In this way we mapped out the inhomogeneity threshold for the onset of masing as a function of the maser frequency for a constant resonance frequency 0 of the coil and a constant 3 He polarization. Care was taken to keep the amplitude of the masing signal small, to prevent significant loses of 3 He polarization. Periodic measurements of 3 He polarization confirmed that it was constant to within 3%. FIG. 7 . Experimental apparatus for studies of the Larmorfrequency maser. A uniform magnetic field in the maser cell was created by a set of Helmholtz coils, which are not shown. A magnetic field gradient was produced by four square loops with current directions indicated on the figure. The magnetic field gradient is greatly exaggerated. A two-section solenoid, the maser coil, surrounded the maser cell and could be connected in series with a capacitor to form an LC circuit with a resonant frequency of 80.1 kHz. The voltage across the capacitor was monitored with an NMR spectrometer to determine the onset of masing. The measurements of the 3 He polarization were done using a low frequency pulsed NMR spectrometer with a highimpedance pre-amplifier. For this measurement the resonating capacitor was disconnected from the maser coil and the current source was removed from the gradient coil. The polarization of 3 He was determined from the initial amplitude of the free-induction-decay ͑FID͒ signal following an excitation pulse to the solenoid. In the limit of small tipping angle, one can show that the initial peak amplitude V F of the FID voltage V M of ͑74͒, in cgs units of statvolts, is given by
where G is a dimensionless instrumental gain, I p is the peak amplitude of a rectangular pulse of alternating current, of duration p which flows through the maser coil just before tϭ0, and is used to provide the initial transverse magnetization M x of ͑74͒. The field per unit current ϭ(r) is a function of position in the cell and can be defined by
For an ideal, infinite solenoid ϭ 0 is independent of position, as discussed in connection with Eq. ͑38͒ Direct measurements of V F , G, I p , and p allowed us to determine the factor
of Eq. ͑154͒ with an accuracy of 3%. The variation of
along the axis of the cell can be calculated from the known geometry of the solenoid and is shown in Fig. 9 . For the inhomogeneous-broadening regime, masing occurs for spins in a thin slice, transverse to the cell axis. For most of our data this slice is close to one of the two flat end walls of the maser cell. Therefore, it is apparent from Fig. 9 that the value of which is relevant for the maser threshold is larger than the average value over the whole cell. Near the ends of the cell is fairly constant, it varies by less than 8% between xϭ1.5 and xϭ3.4. We account for the non-uniformity of by replacing 0 in the theoretical model by
Here ⍀ m is the volume where the maser slice is located for most conditions, between xϭϪ3.4 cm and xϭϪ1.5 cm or between xϭ1.5 cm and xϭ3.4 cm. The value of the maser inductance W is determined from the NMR signal S using Eq. ͑44͒
where the coil correction factor C
is calculated numerically. The self-interaction parameter is determined from Eqs. ͑68͒, ͑156͒, and ͑158͒.
To independently check our results, we also measured the Rb Larmor-frequency shift ͓14͔ due to spin exchange with 3 He in the pumping cell. The shift is proportional to the polarization and density of 3 He. This measurement indicated that the polarization of 3 He in the pumping cell was higher by a factor of 1.07 than in the maser cell, which is consistent with polarization loss during diffusion from the pumping cell to the maser cell.
B. Results
Our experimental results for the threshold of the maser oscillations are shown in Figs. 10 and 11 . In Fig. 10 we show the dependence of the maser threshold gradient on the value of the 3 He polarization. For this set of data the maser frequency was set close to the coil resonance frequency 2 f 0 . As discussed in relation to Eq. ͑73͒, this case is particularly easy to analyze. The threshold value of the magnetic field gradient, given by Eq. ͑73͒, is proportional to the 3 He polarization P and is independent of the diffusion constant D. Note that these properties are qualitatively different from the properties of a motionally-narrowed maser, for which the threshold gradient is proportional to P 1/2 and inversely proportional to D. We expect that Eq. ͑73͒, derived in the absence of spin-interactions, should remain quite accurate even if they are taken into account. As can be seen from Figs. 4͑a͒, and 4͑b͒, the value of ⌸ is unaffected by the addition of spin self-interactions near ϭ0. Indeed, we find that our data are in excellent agreement with the threshold gradient given by Eq. ͑73͒, which is shown in Fig. 10 by the solid line.
More complicated behavior of the spin maser is shown in Figure 11 . Here we map out the frequency dependence of the maser threshold for a constant value of the 3 He polarization. On the horizontal axis we plot the masing frequency , measured directly with a frequency counter, and on the vertical axis the threshold value of the inhomogeneity parameter b th which corresponds to the onset of the masing. Note that b ӷ1 for all our data. The 3 He polarization was equal to 35% for this set of data. Small variations of the polarization, on the order of 3%, were corrected for by assuming that b th ϰ P, which follows from Eq. ͑39͒ if the dependence of ⌸ on b is relatively weak. For most data shown in Fig. 11 the magnetic field gradient was reduced until maser oscillations could be observed. Reducing the gradient even further resulted in exponentially growing masing. This behavior is to be expected, since for smaller magnetic field gradient the spins have a longer dephasing time, and thus have a greater chance to contribute coherently to the build-up of maser oscillations. However for a narrow range of frequencies shown in the inset of Fig. 11 , this behavior was reversed. The maser oscillations could be started by increasing the magnetic field gradient past a certain threshold. This counter-intuitive behavior is due to the complex behavior of ⌸() near ϭ Ϯ1. The area enclosed by the experimental data and the bottom axis, bϭ0, corresponds to the unstable condition where masing will occur. Masing cannot occur for any other region of the bϪ f plane.
Two theoretical curves are also shown in Fig. 11 , with and without the effect of the self-interactions. The threshold gradient and the frequency of the masing oscillations are determined from the equation
To solve Eq. ͑161͒ we first calculate ⌸() for a given b using the formalism in Sec. II C. We diagonalize a 10ϫ10 matrix (lg͉X͉lk) given by ͑145͒ and constructed according to ͑146͒ with the ten most slowly damping, unperturbed left eigenfunctions ͑119͒ to find the perturbed pole locations x ln and residue amplitudes ͗1͉ln͖, given by ͑150͒. We make a similar calculation using the ten most slowly damping, unperturbed right eigenfunctions. We use ͑136͒ and ͑138͒ to calculate lm and rm . ⌸() is then evaluated with ͑114͒-͑116͒ and ͑134͒, with mϭ4. Then we find real values of and for which both real and imaginary parts of Eq. ͑161͒ are satisfied. The calculation is repeated for many values of b, giving a curve in the bϪ f space, which can be directly compared with data shown in Figure 11 . In addition, we obtain the value of , which relates the masing frequency to the average Larmor frequency L set by the magnetic field, ϭ L ϩgl. also gives the location of the masing slice where the transverse magnetization is peaked, xϷl. The theoretical dependence of on the masing frequency is shown in Fig. 12 . The discontinuities in the vs. f curve correspond to the discontinuities in the slope of b th vs. f curve. At these points the preferred configuration of the precessing magnetization which has the largest gain for masing changes discontinuously. All of the general features of the data are very well reproduced by our model. In particular, the model and the data show a large increase of the threshold gradient for slight detuning of the masing frequency away from the coil resonance frequency. This increase can be attributed to the edgeenhancement effects, which are also seen in the spin impedance shown in Fig. 4 . The effect of self-interactions is to greatly increase the peak for masing frequency below the coil resonance frequency and reduce or eliminate the peak PRA 60for masing frequency above the resonance frequency. Both the model and the data have a region where maser oscillations can be started by increasing the magnetic field gradient. Thus, our theory of inhomogeneously broadened spin maser correctly explains all of its unusual properties.
The quantitative agreement between our data and the theory, which does not have any free parameters, is also reasonably good. The only disagreement is in the height of the peak on the low side of the coil resonance frequency. We believe that the largest limitation of our theory is due to its 1-dimensional nature. We neglect the variation of the magnetization in the plane perpendicular to axis of the cylinder. Even for perfect experimental conditions, some transverse variation of M can be expected due to the self-interaction field near the ends of the cell. In addition, if the end surfaces of the cell are not perfectly flat or not perpendicular to the direction of the magnetic field gradient, the accuracy of the one-dimensional approximation is further reduced. Because masing occurs in a very thin slice with a thickness of only 3 mm, small imperfections of the end walls of the cell can affect the boundary condition.
IV. CONCLUSIONS
In this paper we have presented the first theoretical and experimental treatment of a spin maser in the regime of inhomogeneous broadening. We have considered in detail the threshold behavior of the maser and we have determined the region in the parameter space where masing oscillations can occur. The behavior of the threshold value of the magnetic field gradient is counterintuitive. It reaches its maximum value when the mean Larmor frequency is detuned away from the resonance frequency of the maser coil. If a magnetic field gradient is such that masing cannot occur, sufficienly decreasing the gradient will lead to masing, However, in certain ranges of maser frequencies, non-masing field gradients exist which lead to masing if they are decreased or increased sufficiently. We also present the first detailed account of the effect of magnetic self-interactions on the spin maser. Self interactions significantly enhance the range of parameters where masing oscillations can occur.
We use a theoretical approach based on the eigenfunctions and eigenvalues of the non-Hermitian spin evolution operator. The impedance is proportional to a sum on poles, located at the complex eigenvalues of the the evolution operator. Only the first few of the infinite number of poles in the sum need to be explicitly included. The contribution of the remaining poles can be accounted for with great precision by replacing the sum with an integral over a continuous line of poles. In spite of the unusual properties of the eigenfunctions, for example, peak amplitudes that are many orders-of-magnitude smaller for eigenfunctions localized near the cell edges than for interior eigenfunctions, which have eigenvalues close to the three-fold vertex of the eigenvalue spectrum, no serious difficulties were encountered in numerical computations.
In addition to its intrinsic interest, our work allows one to estimate the masing threshold in applications of dense hyperpolarized gases and liquids. In most cases masing is an undesirable effect which reduces nuclear polarization. For example, there is strong evidence that masing was limiting the 3 He polarization during a recent measurement of the neutron spin structure function at SLAC ͓14,23͔. Masing can be entirely avoided by polarizing the spins in the low energy state. Otherwise, it can be suppressed by increasing magnetic field gradient, setting the spin Larmor frequency above the coil resonance frequency and reducing the coupling of the spins to the coil.
